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We show that a topological group G is topologically isomorphic to a closed subgroup
of a topological product of metrizable groups if and only if G is ω-balanced and Gδ-
closed in ρG , the Raı˘kov completion of G . Then we deduce that a topological group G is
topologically isomorphic to a closed subgroup of a topological product of second countable
groups if and only if G is ω-narrow and Gδ-closed in ρG .
Some applications of these results to PT-groups and R-factorizable groups are also given.
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1. Introduction
In this paper, we shift the concepts of Hewitt–Nachbin and Dieudonné completeness to the realm of topological groups.
We call a topological group G strongly Dieudonné complete if G is topologically isomorphic to a closed subgroup of the
product of a family of metrizable topological groups. Similarly, G is said to be strongly realcompact or, equivalently, strongly
Hewitt–Nachbin complete if G is topologically isomorphic to a closed subgroup of a product of second countable groups.
Evidently, every strongly realcompact group is strongly Dieudonné complete. It is also clear that every strongly Dieudonné
complete group is a Dieudonné complete space and every strongly realcompact group is a realcompact space.
The difference between Dieudonné complete and realcompact spaces is quite subtle. If, for example, no measurable car-
dinal exists, then the two classes of spaces coincide [4, 8.5.13(h)]. However, one need not extra set-theoretic axioms to
distinguish between the classes of strongly Dieudonné complete groups and strongly realcompact groups—every discrete
group of uncountable cardinality is strongly Dieudonné complete, but it fails to be strongly realcompact (see Proposi-
tion 3.6).
By a theorem of Katz in [7], a group G is topologically isomorphic to a subgroup of the product of some family of
metrizable groups if and only if G is ω-balanced. So, strongly Dieudonné complete groups must be ω-balanced. Similarly,
by Guran’s theorem in [6], a group G can be embedded as a topological subgroup into the product of some family of
second countable groups if and only if G is ω-narrow. Hence every strongly realcompact group is ω-narrow. Complete
characterizations of strongly Dieudonné complete and strongly realcompact groups are given in Theorems 3.3 and 3.8,
respectively. It turns out that an ω-balanced group G is strongly Dieudonné complete iff G is Gδ-closed in ρG , the Raı˘kov
completion of G , while an ω-narrow group G is strongly realcompact iff it is Gδ-closed in ρG .
We also relate strongly realcompact groups with PT-groups and R-factorizable groups and consider the permanence
properties of the class of strongly realcompact groups. For example, we show in Theorem 3.17 that if π : G → H is a quotient
homomorphism with compact kernel, then the image H is strongly realcompact (strongly Dieudonné complete) if and only
if G is strongly realcompact (strongly Dieudonné complete). This result cannot be extended to quotient homomorphisms
with σ -compact kernels—in Example 3.18 we construct a quotient homomorphism π : G → H with σ -compact kernel onto
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means, in particular, that strong realcompactness is not a three space property.
The main results of this article were presented by the third listed author at the VIth Iberoamerican Conference on
Topology and its Applications in Puebla, Mexico, in 2005. It is worth mentioning that our Theorems 3.3 and 3.8 were
obtained independently by Gábor Lukács who kindly sent us a preliminary version of Section 2.4 of his book [8].
2. Notation and terminology
Let G be a topological group with neutral element e. The minimum cardinality of a local base of G at e is denoted by
χ(G) and is called the character of G (this has nothing to do with the duality theory of topological groups).
We say that a group G is ω-balanced if for each open neighbourhood U of the neutral element e in G , there exists a
countable family γ of open neighbourhoods of e such that for each x ∈ G , one can ﬁnd V ∈ γ satisfying xV x−1 ⊆ U . Such
a family γ will be called subordinated to U . A topological group G is called ω-narrow if for every open neighbourhood V
of the neutral element e in G , there exists a countable subset A of G such that AV = G . It is easy to verify that every
ω-narrow group is ω-balanced, but not vice versa.
A topological group G is R-factorizable if, for every continuous real-valued function f on G , there exist a continuous
homomorphism π : G → K onto a second countable topological group K and a continuous function h on K such that
f = h ◦ π .
The Raı˘kov completion of a topological group G is denoted by 	G . A subset of a topological space X is said to be
Gδ-open if it is the union of a family of Gδ-sets in X . Similarly, a subset P of a topological space X is Gδ-closed if the
complement X \ P is Gδ-open. The Gδ-closure of a subset A in a space X is the set of all points x ∈ X such that every Gδ-set
in X containing x intersects A. The Gδ-closure of a subgroup in a topological group H is, obviously, a subgroup of H . The
Gδ-closure of a topological group G in its Raı˘kov completion, 	G , is denoted by 	ωG . Therefore, 	ωG is a subgroup of 	G
containing G .
A topological group G is a strong PT-group if it is C-embedded in 	ωG . Similarly, G is completion friendly if μG = 	ωG ,
where μG is the Dieudonné completion of the space G . It is easy to see that G is completion friendly if and only if every
continuous pseudometric on G admits an extension to a continuous pseudometric on 	ωG . Therefore, every completion
friendly group is a strong PT-group. The properties of strong PT-groups and completion friendly groups are studied in [1,
Section 6.5].
Let P be a (topological, algebraic, or mixed type) property. We say that P is a three space property if whenever N is
a closed normal subgroup of a topological group G and both N and G/N have P , the group G also has P . Compactness,
completeness, precompactness, pseudocompactness, connectedness, and metrizability are three space properties in the class
of topological groups. The reader can ﬁnd more information about three space properties in [2].
Finally, the cardinality of the continuum is denoted by c, so c = 2ω .
3. Closed embeddings into products
We start with a simple auxiliary lemma.
Lemma 3.1. Let f : X → Z be a continuous mapping of X to a Hausdorff space Z and suppose that X0 ⊂ X and Z0 ⊂ Z are subspaces
such that f (X0) ⊂ Z0 and Z0 ∩ f (X \ X0) = ∅. If ϕ is the diagonal product of the identity mapping idX and f , then ϕ(X0) is a closed
subset of X × Z0 .
Proof. Since the space Z is Hausdorff, the graph Gr( f ) = {(x, f (x)): x ∈ X} of f is closed in X × Z . Hence the intersection
Gr( f ) ∩ (X × Z0) is closed in X × Z0. It now follows from f (X \ X0) ∩ Z0 = ∅ that




: y ∈ X0
}
.
Therefore, the set {(y, f (y)): y ∈ X0} = ϕ(X0) is closed in X × Z0. 
The following lemma is a step towards the proof of Theorem 3.3.
Lemma 3.2. Suppose that an ω-balanced group G is Gδ-closed in its Dieudonné completion 	G. Then there exists a family H of
continuous homomorphisms of 	G onto ﬁrst countable topological groups satisfying the following conditions:
(a) |H| κω , where κ = χ(G);
(b) for every x ∈ 	G \ G, there exists h ∈ H such that h(x) /∈ h(G).
Proof. Since G is dense in 	G , the characters of G and 	G coincide. Let {Uβ : β < κ} be a local base at the neutral element
e of 	G . For every β < κ , take a continuous homomorphism gβ : 	G → Gβ onto a ﬁrst countable group Gβ such that
g−1(Vβ) ⊂ Uβ , for some open neighbourhood Vβ of the neutral element in Gβ . For every countable set A ⊂ κ , let hA beβ
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the cardinality of the family H = {hA: A ⊂ κ, |A|ω} is not greater than κω .
Take an arbitrary element x ∈ 	G \ G . Since G is Gδ-closed in 	G , there exists a countable subset A of κ such that the
set P =⋂β∈A Uβ satisﬁes xP ∩ G = ∅. Let eA be the neutral element of the group GA = hA(	G). It follows from our choice
of the homomorphisms gβ ’s that (hA)−1(eA) ⊂ P . Therefore, G ∩ h−1A (hA(x)) = ∅ and hA(x) /∈ hA(G). This ﬁnishes the proof
of the lemma. 
Theorem 3.3. Let G be an ω-balanced topological group. Then G is strongly Dieudonné complete iff G is Gδ-closed in 	G, the Raı˘kov
completion of G. In this case, embedding G as a closed subgroup into a product of metrizable groups requires at most χ(G)ω factors.
Proof. Suppose that G is topologically isomorphic to a closed subgroup of the product H =∏α∈A Hα of a family of metriz-
able groups. Since products of Raı˘kov complete groups are Raı˘kov complete, we have that 	H ∼=∏α∈A 	Hα . The closure of
G in 	H , cl	H G , is a closed subgroup of 	H . Thus, cl	H G is a Raı˘kov complete group. As G is a dense subgroup of cl	H G ,
we have that 	G and cl	H G are topologically isomorphic. Now, since G is closed in H , we see that
G = clH G = cl	H G ∩ H = 	G ∩ H .
Hence G = 	G ∩ H . Assume that x = (xα)α∈A ∈ 	G \ G . Then there exists α0 ∈ A such that xα0 /∈ Hα0 . By hypothesis, Hα0 is
ﬁrst countable and so is the Raı˘kov completion 	Hα0 of Hα0 . It follows that the singleton {xα0 } is a Gδ-set in 	Hα0 . Let
πα0 : 	H → 	Hα0 be the canonical projection of 	H onto 	Hα0 . Then π−1α0 (xα0 ) is a Gδ-set in 	H which contains x. So,
Px = π−1α0 (xα0) ∩ 	G is a Gδ-set in 	G that satisﬁes x ∈ Px ⊆ 	G \ G . Therefore, G is a Gδ-closed set in 	G .
To deduce the other implication, suppose that G is a Gδ-closed set in 	G . Then we can apply Lemma 3.2 to ﬁnd an
inﬁnite cardinal τ  χ(G)ω and a family H = {hα: α < τ } of continuous homomorphisms of 	G to ﬁrst countable groups
Kα = hα(	G) satisfying conditions (a) and (b) of Lemma 3.2.
Let h = 
H : 	G → K be the diagonal product of the family H, where K =∏α<τ Kα . Put H =∏α<τ Hα , where Hα =
hα(G) for each α < τ . It follows from the deﬁnitions of H, h, and H that h(G) ⊂ H and H ∩ h(	G \ G) = ∅. We can now
apply Lemma 3.1 with X = 	G , X0 = G , Z = K , Z0 = H , and f = h to conclude that ϕ(G) is closed in 	G × H , where ϕ is
the diagonal product of the identity mapping id	G and h. Notice that ϕ is a topological and isomorphic embedding of 	G
into 	G × K .
According to Katz’s theorem, the group 	G is topologically isomorphic to a (closed) subgroup of a product P of at most
κ = χ(G) metrizable groups. Hence G ∼= ϕ(G) is topologically isomorphic to a closed subgroup of the product P × H of ﬁrst
countable groups, and the number of factors does not exceed κ · τ  χ(G)ω . This ﬁnishes the proof. 
Theorem 3.4. Let G be an ω-balanced topological group. If ψ(G)ω, then G is strongly Dieudonné complete.
Proof. Since ψ(G) ω, there exists a closed subgroup K of type Gδ in 	G such that K ∩ G = {e}. So, for every x ∈ 	G \ G ,
xK is a Gδ-set in 	G . Now, since |xK ∩ G| 1, the complement xK \ G is a Gδ-set in 	G containing x. Hence G is Gδ-closed
in 	G , and the required conclusion follows from Theorem 3.3. 
Since every topological Abelian group is ω-balanced, the following corollary is immediate after Theorem 3.4.
Corollary 3.5. Every topological Abelian group with countable pseudocharacter is strongly Dieudonné complete.
Let us distinguish between the classes of strongly Dieudonné complete and strongly realcompact groups.
Proposition 3.6. Every uncountable discrete group G is a strongly Dieudonné complete group that fails to be strongly realcompact.
Proof. The group G is strongly Dieudonné complete since it is metrizable. It is clear that every subgroup of a product of
second countable groups is ω-narrow, so every strongly realcompact group is ω-narrow. Since G is discrete and uncountable,
it cannot be strongly realcompact. 
The reason for the difference between the classes of strongly Dieudonné complete and strongly realcompact groups found
in the above proposition is almost evident. Every ω-narrow group is clearly ω-balanced, but the converse is false—it suﬃces
to note that every discrete group is ω-balanced, while a discrete group is ω-narrow if and only if it is countable.
In some special classes of topological groups, Dieudonné completeness and strong Dieudonné completeness coincide:
Proposition 3.7. Let G be an ω-balanced completion friendly group. Then G is strongly Dieudonné complete iff it is Dieudonné com-
plete.
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for this special group G . So, let G be a Dieudonné complete space. Since the group G is completion friendly, we have the
equality μG = 	ωG . Then the Dieudonné completeness of G implies that 	ωG = G , so G is Gδ-closed in 	G . By Theorem 3.3,
G is strongly Dieudonné complete. 
Theorem 3.8. An ω-narrow group G is strongly realcompact if and only if G is Gδ-closed in the Raı˘kov completion 	G of G.
Proof. Every strongly realcompact group is strongly Dieudonné complete and, by Theorem 3.3, is Gδ-closed in its Raı˘kov
completion.
Conversely, suppose that G is Gδ-closed in 	G . Since G is ω-narrow, it is ω-balanced. By Theorem 3.3, G is strongly
Dieudonné complete. Let G be a topological subgroup of a product H =∏α∈A Hα of ﬁrst countable groups. For every α ∈ A,
let pα be the projection of H onto the factor Hα . As G is a subgroup of H , Gα = pα(G) is a subgroup of Hα . Therefore, the
group Gα is ﬁrst countable and ω-narrow. But this implies that Gα is second countable.
Then we can consider G as a subgroup of the product Π =∏α∈A Gα . Since G is closed in H , it follows that G is closed
in the product Π of second countable groups. Hence G is strongly realcompact. 
Since a Lindelöf space is Gδ-closed in any Hausdorff space containing it as a subspace, the following fact is immediate
from Theorem 3.8 (it also follows from [8, Proposition 2.47]):
Corollary 3.9. Every Lindelöf group is strongly realcompact.
The next result is a corollary to Theorem 3.8.
Corollary 3.10. Let G be an ω-narrow topological group. If ψ(G)ω, then G is strongly realcompact.
Corollary 3.11. The class of closed subgroups of products of Lindelöf groups coincides with the class of strongly realcompact groups.
It is clear that every metrizable topological group G is strongly Dieudonné complete. Let show that the conclusion is not
valid if the metrizability of G is weakened to the Fréchet–Urysohn property.
Example 3.12. There exists a Fréchet–Urysohn ω-narrow topological group that fails to be strongly realcompact.
Indeed, let Π = Zω12 and G = ΣΠ . Clearly, G is ω-narrow (in fact, G is precompact). By [1, Corollary 1.6.35], G is a
Fréchet–Urysohn space. Further, G is Gδ-dense in its Raı˘kov completion 	G = Π . Since G is a proper subgroup of Π , it
cannot be Gδ-closed in its Raı˘kov completion Π .
Example 3.13. There exists an ω-narrow, realcompact, hereditarily paracompact topological Abelian group which is not
strongly realcompact.
Let the group Π = Zω12 carry the ω-box topology and consider the subgroup H = σΠ of Π . Then H is a Lindelöf
P -group (see [3, Corollary 2.5]) which evidently satisﬁes |H| = ℵ1 and w(H) = ℵ1. Hence H is ω-narrow and Raı˘kov
complete according to [1, Proposition 4.4.5]. It follows from [1, Proposition 6.5.29] that every subspace of H is para-
compact. Since the cardinal ℵ1 is not Ulam measurable, the space H is hereditarily realcompact (see [12]). In particular,
G = {x ∈ H: |supp(x)| is even} is a realcompact, hereditarily paracompact, Gδ-dense proper subgroup of H . It is now clear
that G cannot be Gδ-closed in its Raı˘kov completion 	G = H , so G is not strongly realcompact.
Theorem 3.14. Let G an ω-narrow topological group. Then the following conditions are equivalent:
(a) G is a realcompact strong PT-group;
(b) G = 	ωG;
(c) G is strongly realcompact.
Proof. (a) ⇒ (b) If G is a strong PT-group and 	ωG \ G = ∅, then G is not realcompact since it is C-embedded in 	ωG .
(b) ⇒ (c) If G = 	ωG , then G is Gδ-closed in 	G . By Theorem 3.8, G is strongly realcompact.
(c) ⇒ (a) If G is strongly realcompact, then it is realcompact and satisﬁes 	ωG = G , by Theorem 3.8. Hence G is a strong
PT-group. 
Corollary 3.15. A weakly Lindelöf topological group G is strongly realcompact if and only if the space G is realcompact.
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tion 2.4]. The conclusion now follows from Theorem 3.14. 
Theorem 3.16. An R-factorizable group G is strongly realcompact if and only if the space G is realcompact.
Proof. An R-factorizable group is ω-narrow and a strong PT-group (see Proposition 8.1.3 and Corollary 8.3.9 of [1]). Hence
the required equivalence follows from Theorem 3.14. 
Notice that by Example 3.13, the equivalence in Theorem 3.16 is not valid in the wider class of ω-narrow topological
groups.
In what follows we consider the permanence properties of the class of strongly realcompact groups. The theorem below
shows that strong realcompactness is invariant and inverse invariant of perfect homomorphisms onto.
Theorem 3.17. Let G be a topological group and N a compact invariant subgroup of G. Then G is strongly realcompact (strongly
Dieudonné complete) if and only if G/N is strongly realcompact (strongly Dieudonné complete).
Proof. It suﬃces to prove the theorem for strong realcompactness—the argument in the case of strong Dieudonné com-
pleteness is almost the same. Consider the canonical homomorphism ϕ of 	G onto (	G)/N , ϕ(x) = xN for each x ∈ 	G .
Since 	G is complete and N is compact, (	G)/N is complete by [10, Theorem 11.12]. So (	G)/N is a complete group that
contains G/N as a dense subgroup. It follows from the uniqueness of the completion that (ρG)/N ∼= 	(G/N).
If G/N = ϕ(G) is Gδ-closed in 	(G)/N , then G = ϕ−1(ϕ(G)) is Gδ-closed in 	G and the strong realcompactness of G
follows from Theorem 3.8. Now, assume that G is Gδ-closed in 	G . For each x ∈ 	G \ G , we can choose a Gδ-set P in 	G
such that x ∈ P ⊆ 	G \G . We can assume that P has the form P =⋂∞i=0 Ui , where Ui is open in 	G and U i+1 ⊂ Ui for each
i ∈ ω.
Since the ﬁbers of ϕ are compact, we have









Hence, ϕ(P ) is a Gδ-set in (	G)/N such that ϕ(x) ∈ ϕ(P ) ⊆ (	G)/N \ G/N . Therefore, G/N is strongly realcompact by
Theorem 3.8. 
The next example shows that the compactness of the closed invariant subgroup N of G in Theorem 3.17 cannot be
weakened to σ -compactness, even if the quotient group G/N is compact.
Example 3.18. There exists a topological Abelian group G containing a closed σ -compact subgroup N such that G/N is
compact, but G is not strongly realcompact. In other words, strong realcompactness is not a three space property.
Proof. Let m = 2ω1 . Consider the group Π = Zm2 with the Tychonoff product topology and its dense subgroup N1 ={x ∈ Π : |supp(x)| < ω}, where Z2 = {0,1} carries the discrete topology and supp(x) = {α < m: x(α) = 1} for each x ∈ Π .
Choose x∗ ∈ Π \ N1 and put T = N1 + 〈x∗〉. Note that 	N1 = Π . Since N1 is σ -compact and hence Lindelöf [1, Proposi-
tion 1.6.41], it is Gδ-closed in Π . By Theorem 3.8, N1 is strongly realcompact.
Let R = Zω12 . We construct an algebraic isomorphism ϕ : T → R as follows. Consider the group Π as a linear space over
the ﬁeld Z2 and take a Hamel basis A of N1; then |A| = m and B = A ∪ {x∗} is a Hamel basis of T . Represent A as the
union of two sets A = E ∪ F in such a way that E ∩ F = ∅, |E | = ω1. Let E = {hα: α < ω1}.
For each α ∈ ω1, denote by yα the element of R such that yα(β) = 0 if β = α and yα(α) = 1. Let D be a Hamel basis of
R such that {yα: α ∈ ω1} ⊆ D, and choose a point y∗ ∈ D \ {yα: α ∈ ω1}. It is clear that |D| = |R| = m. We put ϕ(x∗) = y∗
and ϕ(hα) = y∗ + yα , for each α ∈ ω1. Extend ϕ to an injective map of B to R such that ϕ(B \ ({hα: α ∈ ω1} ∪ {x∗})) =
D \ ({yα: α ∈ ω1} ∪ {y∗}). Finally, we extend ϕ to a homomorphism of T to R which is denoted by the same symbol ϕ .
Note that if xα = x∗ + hα , then ϕ(xα) = ϕ(x∗) + ϕ(hα) = y∗ + (y∗ + yα) = yα . It is easy to see that ϕ is an isomorphism
of T onto R .
Let F = {(x,ϕ(x)): x ∈ T } be the graph of ϕ . Then N = N1 × {0} and G = N + F are subgroups of Π × R and N =
G ∩ (Π × {0}) is a closed subgroup of G , where 0 is the neutral element of R . Since N is dense in Π × {0}, the quotient
group G/N is topologically isomorphic to the compact group R by [5, Lemma 1.3]. It is now clear that both N ∼= N1 and
G/N ∼= R are strongly realcompact.
Notice that (x∗,0) /∈ G = N + F because x∗ /∈ N1. Finally, it follows from the deﬁnition of yα ’s that every Gδ-set in Π × R
containing (x∗,0) contains also at least one of the points (hα,0) + (xα,ϕ(xα)) = (x∗, yα) ∈ G , α < ω1. Hence (x∗,0) is in
the Gδ-closure of G in its Raı˘kov completion, Π × R , and G fails to be strongly realcompact. 
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number τ  ω such that G is topologically isomorphic to a closed subgroup of a product
∏
α∈τ Hα of second countable
topological groups. It is clear that w(G) Isr(G), for every strongly realcompact group G .
In Theorem 3.20 below we present a reasonably good upper bound for the index of strong realcompactness. First we
need a lemma and a couple of deﬁnitions.
Lemma 3.19. Let f : X → Y and g : Y → Z be continuous mappings and h = g ◦ f . Suppose that A ⊂ X, B = f (A) ⊂ Y , C = g(B),
and that the restriction of h to A is a homeomorphism of A onto C . Then
(a) the restriction of f to A is a homeomorphism of A onto B and, similarly, the restriction of g to B is a homeomorphism of B onto C ;
(b) if C is closed in Z and Y is Hausdorff, then B is closed in Y .
Proof. Let f A = f A , gB = gB , and hA = hA . It is clear that the mappings f A and gB are continuous bijections and that
( f A)−1 = (hA)−1 ◦ gB . Since hA is a homeomorphism of A onto C , we see that the mapping ( f A)−1 is well deﬁned and
continuous. This, combined with the continuity of f A , implies that f A is a homeomorphism of A onto B . It now follows
from the equality hA = gB ◦ f A that gB is a homeomorphism of B onto C . This proves (a).
Since g is continuous and C = g(B) is closed in Z , we conclude that g(B) ⊂ C = C , that is, g(B) = g(B) = C . Let ϕ =
(gB)−1, ϕ : C → B . Then ϕ is a homeomorphism and the mapping r = ϕ ◦ gB is a continuous retraction of B onto its dense
subspace B . Since the space Y is Hausdorff, we must have B = B , i.e., B is closed in Y [4, 1.5.C]. This implies (b) and ﬁnishes
the proof of the lemma. 
Given continuous homomorphisms gi : G → Hi , where i = 1,2, we write g1 ≺ g2 provided that there exists a continuous
homomorphism h : H1 → H2 such that g2 = h ◦ g1. In what follows Hom(G, SC) will denote the class of all continuous
homomorphisms of G to second countable groups. The coﬁnality of the pre-ordered class (Hom(G, SC),≺) is the minimum
cardinality of a subset H of Hom(G, SC) such that for every f ∈ Hom(G, SC), one can ﬁnd g ∈ H with g ≺ f . The coﬁnality of
(Hom(G, SC),≺) will be denoted by cof (Hom(G, SC)). The cardinal invariant cof (Hom(G, SC)) always exists since the number
of topologically non-isomorphic second countable groups does not exceed 2c .
Theorem 3.20. The inequality Isr(G) cof (Hom(G, SC)) holds for every strongly realcompact group G.
Proof. Given a strongly realcompact group G , we take a subset H of Hom(G, SC) satisfying |H| = cof (Hom(G, SC)). Since
G is strongly realcompact, there exists a topological isomorphism i : G → L to a product L =∏α∈A Lα of second countable
groups such that i(G) is closed in L. For every α ∈ A, let fα = pα ◦ i, where pα is the projection of L to the factor Lα .
Then fα is a continuous homomorphism of G to the second countable group Lα . Since H is coﬁnal in Hom(G, SC), for
every α ∈ A there exists hα ∈ H such that hα ≺ fα . Put Kα = hα(G) and take a continuous homomorphism gα : Kα → Lα
such that fα = gα ◦ hα . Let H′ = {hα: α ∈ A}. Denote by ϕ the diagonal product of the family H′ and by g the Cartesian
product of the family {gα: α ∈ A}. Clearly, ϕ is a continuous homomorphism of G to K =∏α∈A Kα and g is a continuous
homomorphism of K to L. It is easy to see that pα ◦ g ◦ ϕ = fα = pα ◦ i, for each α ∈ A. Hence g ◦ ϕ = i.
Since i is a topological monomorphism, item (a) of Lemma 3.19 implies that so is ϕ . Applying (b) of Lemma 3.19
with f = ϕ and h = i, we see that ϕ(G) is closed in K . Since |H′|  |H|  cof (Hom(G, SC)), we conclude that Isr(G) 
cof (Hom(G, SC)). 
Corollary 3.21. Every strongly realcompact group G satisﬁes Isr(G) w(G)ω .
Proof. According to Theorem 3.20, it suﬃces to verify that cof (Hom(G, SC))  w(G)ω , for every ω-narrow group G . Let G
be a subgroup of a product Π =∏α∈A Gα of second countable groups, where the index set A satisﬁes |A| = w(G). Suppose
that f : G → K is a continuous homomorphism to a second countable group K . By [1, Lemma 8.5.4], there exists a countable
set C ⊂ A such that πCG≺ f , where πC is the projection of Π onto ΠC =∏α∈C Gα . Hence the family H = {πCG : C ⊂ A,|C |ω} is coﬁnal in Hom(G, SC). It is clear that |H| w(G)ω .
Alternatively, one can apply Theorem 3.3 to obtain the required inequality. 
It is clear after Corollary 3.21 that every strongly realcompact group G satisﬁes Isr(G) = w(G) provided that w(G)ω =
w(G). In particular, every strongly realcompact group G of weight c satisﬁes w(G)ω = w(G). It is also clear that every
second countable group G satisﬁes Isr(G) = w(G). This makes it natural to say that an inﬁnite cardinal κ is good if every
strongly realcompact group G of weight κ satisﬁes Isr(G) = w(G). Therefore, the cardinals ℵ0, c, 2c , etc., are good. One can
ask, therefore, whether every good cardinal κ > ω satisﬁes kω = κ . The next result answers this question in the negative
provided that the Continuum Hypothesis fails.
Proposition 3.22. The cardinal ℵn is good, for each n ∈ ω.
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According to Theorem 3.20, it suﬃces to verify that cof (Hom(G, SC))  ℵn . In fact, we will show that the latter inequality
holds for every ω-narrow group G of weight ℵn .
We start as in the proof of Corollary 3.21. Let G be a subgroup of a product Π =∏α∈ℵn Gα of second countable groups.
If f : G → K is a continuous homomorphism to a second countable group K , then [1, Lemma 8.5.4] implies that there exists
a countable set C ⊂ ℵn such that πCG≺ f , where πC is the projection of Π onto ΠC =∏α∈C Gα . Hence the family
H = {πCG : C ⊂ A, |C |ω}
is coﬁnal in Hom(G, SC). Let Pω(ℵn) be the family of all countable subsets of ℵn ordered by inclusion. By [9, Lemma 4.1],
Pω(ℵn) contains a coﬁnal subfamily Q satisfying |Q| = ℵn . Therefore, the family
H′ = {πDG : D ∈ Q}
is also coﬁnal in Hom(G, SC). Since |H′|  |Q| = ℵn , we conclude that Isr(G)  |H′|  ℵn . Hence Isr(G) = w(G), which
implies that the cardinal ℵn is good. 
Corollary 3.23. Let n  1 be an integer, Π =∏α<ℵn Gα be a product of nontrivial second countable groups, and H = σΠ ⊂ Π the
corresponding σ -product of the same family of groups. Then Isr(H) = w(H) = ℵn.
Proof. It is well known that the group H = σΠ is Lindelöf (see [1, Corollary 1.6.45]). Hence G is strongly realcompact by
Corollary 3.9. Since H is dense in Π , we see that w(H) = w(Π) = ℵn . The equality Isr(H) = w(H) = ℵn now follows from
Proposition 3.22. 
We ﬁnish this section with an example (in fact, a series of examples) of a strongly realcompact group G such that
w(G) < Isr(G).
Example 3.24. Let {κn: n ∈ ω} be a strictly increasing sequence of inﬁnite cardinals and κ = supn∈ω κn . Let also Π = Zκ2 and
Hn =
{
x ∈ Π : supp(x) ⊂ κn
}
,
for each n ∈ ω. Then H =⋃n∈ω Hn is a dense σ -compact (hence strongly realcompact) subgroup of Π which satisﬁes
κ = w(G) < Isr(G).
Proof. It is clear that Hn ∼= Zκn2 is a compact subgroup of Π and that Hn ⊂ Hn+1 for each n ∈ ω. Hence H =
⋃
n∈ω Hn is a
σ -compact subgroup of Π . Evidently, H is dense in Π and w(H) = κ .
Let us verify that Isr(H) > κ . Suppose to the contrary that H is topologically isomorphic to a closed subgroup of a product
P =∏α<κ Pα of second countable groups. For every α < κ , let pα be the projection of P to the factor Pα . Identifying H
with the corresponding closed subgroup of P , we can consider the restriction to H of the projection pα which will be
denoted by fα . Hence fα is a continuous homomorphism of H to the second countable group Pα . Now we consider H as a
subgroup of Π . According to [1, Lemma 8.5.4], every homomorphism fα depends at most on countably many coordinates. In
other words, for every α < κ , one can ﬁnd a countable set J (α) ⊂ κ and a continuous homomorphism gα : π J (α)(H) → Pα
such that fα = gα ◦ π J (α)H , where π J (α) : Π → Z J (α)2 is the projection. Denote by ϕ the diagonal product of the family
{π J (α): α < κ}. Clearly, ϕ is a continuous homomorphism of Π to K =∏α<κ Z J (α)2 . It follows from our choice of the family{ J (α): α < κ} and the deﬁnition of ϕ that the restriction of ϕ to H is a topological isomorphism of H onto the subgroup
ϕ(H) of K and that ϕ(H) is closed in L =∏α<κ Lα , where Lα = π J (α)(H) for each α < κ (we use Lemma 3.19 here).
We are going to show that there exists an element b ∈ Zκ2 \ H such that ϕ(b) ∈ L \ϕ(H). Since ϕ is continuous and ϕ(H)
is dense in ϕ(Zκ2 ), this will contradict our conclusion that ϕ(H) is closed in L.
First, we choose a countable inﬁnite set I = {βn: n ∈ ω} ⊂ κ such that I ∩ J (α) is ﬁnite, for each α < κ . Let β0 = 0. If we
have deﬁned ordinals β0 < · · · < βn < κn for some n ∈ ω, then there exists βn+1 ∈ κn+1 \ (κn ∪⋃α<κn J (α)). It is clear that
I is as required. Take an element b ∈ Zκ2 such that supp(b) = I . Since I is coﬁnal in κ , it follows that b /∈ H . We claim that
ϕ(b) ∈ L or, equivalently, π J (α)(b) ∈ Lα for each α < κ . Indeed, it follows from the deﬁnition of H that
π J (α)(H) =
⋃
n∈ω
π J (α)(Hn) =
{
y ∈ Z J (α)2 : supp(y) ⊂ κn for some n ∈ ω
}
.
Since I ∩ J (α) is ﬁnite, we see that π J (α)(b) ∈ π J (α)(H) = Lα , for each α < κ . Therefore, the point ϕ(b) ∈ L is in the closure
of ϕ(H) in L. It remains to verify that ϕ(b) /∈ ϕ(H). To this end, we need the following simple fact:
Claim. κ =⋃α<κ J (α).
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neutral element of Π , then π J (α)(x) = π J (α)(e) for each α < κ . Since x, e ∈ H , this contradicts the fact that the restriction
of ϕ to H is injective. Our claim is proved.
Finally, suppose that ϕ(b) ∈ ϕ(H). Take x ∈ H such that ϕ(x) = ϕ(b). Then π J (α)(x) = ϕ J (α)(b) for each α < κ or, equiva-
lently, supp(x) ∩ J (α) = supp(b) ∩ J (α) for each α < κ . Applying the above claim, we conclude that supp(x) = supp(b) and,
therefore, x = b. Thus b ∈ H , which is a contradiction. We have thus proved that ϕ(b) ∈ ϕ(H)L \ϕ(H), so the image ϕ(H) is
not closed in L. Therefore, Isr(H) > κ . 
Taking in the above example κn = ℵn for each n ∈ ω, we obtain κ = supn∈ω κn = ℵω . Hence the subgroup σΠ of Π = Zℵω2
satisﬁes w(σΠ) < Isr(σΠ). By Proposition 3.22, the group σΠ has the minimum possible weight, ℵω , when this can
happen.
4. Open problems
If an inﬁnite cardinal κ satisﬁes κω = κ , so does κ+ . Hence Corollary 3.21 and Proposition 3.22 suggest the following:
Problem 4.1. Suppose that κ is a good cardinal. Is it true that so is κ+?
It is also interesting to ﬁnd out, after Corollary 3.21 and Example 3.24, which type of gaps between w(G) and Isr(G) can
be:
Problem 4.2. Suppose that inﬁnite cardinals κ and λ satisfy κ < λ κω . Does there exist a strongly realcompact group G
satisfying κ = w(G) and Isr(G) = λ?
Our third problem is motivated by Theorem 3.20:
Problem 4.3. Does there exist a strongly realcompact group G satisfying Isr(G) < cof (Hom(G, SC))?
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